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replaced the circular cylinder by an equilateral triangular one,
with one of its flat surfaces facing upstream and an edge
pointing downstream. Then the span wise crossflow is found to
disappear; the stream wise acceleration around the two sharp
edges of the triangle apparently washes the vortices down-
stream too rapidly to allow the formation of the secondary
span wise transport.

With regard to the fluid-dynamical details, cross-transport
through the vortex core appears to stem from two sources: 1)
the solenoidal property of vorticity, and 2) the no-slip condi-
tion on a solid surface. (For a demonstration of this, see Ref.
1.) It is indeed from the latter condition, by which the normal
component of vorticity is reduced to zero, in combination with
the former property that excludes the possibility of the vortex
tubes ending on any stationary solid surface.4 This results in
the enlargement, toward the surface, of the cross-sectional
area of the vortex tube; the area change, together with the no-
slip condition again, causes the variation of the swirl velocity
in the direction of the vortex axis. This change in the cir-
cumferential velocity sets up, in turn, the pressure gradient
along the vortex core, which then induces the cross transport.
In addition to the preceding mechanism, which is applicable
even to a stationary fluid, the sheared velocity profile within
the boundary layer over the side walls may further enhance the
foregoing effect, in much the same manner as discussed in
Ref. 5.
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Introduction

[N Ref. 1, Mandelbrot proposes that constant scalar property
surfaces in homogeneous, isotropic turbulence are fractal
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surfaces and suggests two values for the fractal dimension D,
depending on the spatial variance of the scalar field: D = 2|
for Gauss-Burger turbulence and D = 2f for Gauss-
Kolmogorov turbulence. Lovejoy2 for clouds and Sreenivasan
and Meneveau3 for shear flows obtain data suggesting fractal
dimensions between approximately 2.32 and 2.4 for constant-
property surfaces. Hentschel and Procaccia4 and Kingdon and
Ball5 report analyses of cloud dispersion in homogeneous, iso-
topic turbulence. In these analyses, molecular transport is ig-
nored, high Reynolds number is assumed, and the dispersion of
one species into another is modeled. The structure function
S(l,t) for a scalar 9, defined over a volume F as

= p fdr < 0(r

is introduced in the modeling. Both Hentschel and Procaccia
and Kingdon and Ball suggest a form for S(l,t) as |/|-»0.
Namely, 1B. Both analyses contain heuristic
elements, and there is a fundamental difference between the
two sets of authors in their interpretation of B and its relation-
ship to D. Yet their final expressions for D are the same:

£=24- 0):

where \i is the intermittency exponent.
In this note, a semi-empirical model of mixing in jet flows is

developed that assumes the instantaneous jet structure can be
represented by an ensemble of fractal, constant-property sur-
faces. The model gives an expression for the mean jet fluid
concentration on the jet centerline and, for Reynolds number
independence, requires that D = 2 4- [(2 4- AO/6]. This expres-
sion for D is the major finding to be reported. While it is
identical to that of others, it is obtained by very different
reasoning and for a different flow, a free shear flow.

Jet Mixing Model
For analysis, the following major assumptions are made.
1) The flow is an axisymmetric jet issuing into a stagnant

fluid with uniform and constant density.
2) The turbulence is stationary, and the flow is Reynolds

number independent.
3) The distributions of mean composition and mean velocity

follow similarity.
4) Surfaces of constant, instantaneous jet fluid mass fraction

may be represented by fractal surfaces for the purpose of esti-
mating the ensemble mean area of such surfaces.

The instantaneous jet structure can be viewed as a set of
constant jet fluid mixture fraction Z surfaces, and it is hypo-
thesized that these surfaces exhibit fractal character over a
range of length scales associated with the scales of the turbulent
velocity fluctuations, i.e., from the Kolmogorov scale 77 to the
integral scale /. For a constant Z surface of area S enclosing a
volume K, an integral equation for jet fluid mass conservation
can be written. Then, for stationary turbulence, one can obtain,
by taking the ensemble average of this equation, an equation
expressing a balance between the mean flux of jet fluid issuing
from the jet Mj and the mean jet fluid mass flux across the Z
constant surface:

(2)= 7r(d/2)2pF, = < \ [pZ(q - qb)

where Vj is the initial volume flux weighted average jet veloc-
ity, d is the initial jet diameter, q is the fluid velocity, q^ is the
Z surface velocity, andyz is the diffusive flux of jet fluid across
the Z surface. It is assumed that the Z surface is attached to
the lip of the jet and that this surface is simply connected. The
first assumption is valid, and if the second assumption is re-
laxed, it seems reasonable to argue that the average flux across
the Z surface can still be given by the right-hand side of Eq. (2).
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Consider the segment of a Z surface between the axial points
x and x + dx. The contribution from the Z surface in this
region to the right-hand side of Eq. (2) is modeled as the
product of the mean flux of jet fluid across the surface per unit
area times the mean surface area dAz between x and dx.

Represent the Z surface geometry by a fractal surface with
fractal dimension D, a minimum scale of surface wrinkling, the
inner cutoff (£;), and a maximum scale of wrinkling, the outer
cutoff (X,). For a fractal surface with scales of wrinkling be-
tween £{ and;£oy the measured surface area A varies with mea-
surement scale £, as shown in Fig. 1. Fractal behavior is given
by the power-law dependency of A upon s. For s ~+0, if the
surface has a minimum scale of wrinkling, A must approach a
constant value ^4f, the true value (see the horizontal line in Fig.
1 at A = A)9- and £, is defined quantitatively by AJL3 ~ (ej
L)2~D/L. For a Z surface, molecular diffusion is expected to
limit the minimum scale of wrinkling, and it is assumed that
s, =?/•. (Since the ratio Atl-A0 is required, the constant of pro-
portionality is unimportant in this application.)

For £ > £0, the measured area is also a constant, A = A0 (see
Fig. 1), and it is assumed that £0 — /. This behavior for large s
implies that the surface appears smooth and unwrinkled at
large measurement scale, which, for this application, requires
that s0 be much less than the radius of curvature of the <Z>
surface. Such limiting behavior for large £ is reasonable for
shear flows but may not be reasonable for homogeneous, iso-
topic turbulence.

In Ref. 6, it is argued that At is a good estimate of the
ensemble mean surface area of a constant property surface, i.e.,
between jc and x -f d;c dAz = At. It follows from Fig. 2 and the
assumptions &t —r\ and £0 = / that

(3)

The choice of \\ as the inner cutoff implies a unit Schmidt
number. For homogeneous, isotopic turbulence, l/r]=A}/4

R]14,6 with A(a constant and /£/the turbulence Reynolds num-
ber expressed in terms of the absolute turbulence intensity and
the integral scale. Since the Z surface is imbedded in fully
turbulent fluid, it seems reasonable to use this expression in the
current analysis, and therefore

For Pick's law diffusion

jz = -pZDVlnZ

Thus, the appropriate length scale for ud is related to

<|(V2Z/|VZ|)(VZ/|VZ|) + V In Zj)-1

One expects intuitively that the largest contributions to rjd
come from regions in the flow where Z is varying rapidly with
distance, and, hence, both V2Z and V l n Z are large. These
regions contain the smallest turbulent eddies, and an appropri-
ate estimate for r\d would seem to be a quantity proportional to
>/ for a unit Schmidt number. Thus, r\d is replaced by (1/C^)//,
and ud = C^, where v is the Kolmogorov velocity scale and Cd
is a model constant.

For homogeneous, isotopic turbulence, v = A}l4R~j~l/4u'. As
argued, the Z surface is embedded fully in turbulent fluid, and
therefore it seems reasonable to use this expression to relate v
to the absolute turbulent intensity u' and to Rt. In addition, it
is assumed that u' can be expressed in terms of the jet centerline
mean velocity UQ: u' = («7wo)wo> with u'/u0 being constant over
the jet. Conditional velocity measurements in jets show that
U'/UQ does not vary greatly. By substitution,

(6)

According to Gibson's expression, q —qb is undefined or
infinite at critical points, i.e., at points where VZ = 0, and one

log A/IT

slope = 2 - D

a)
log e/L

(4)

As noted, A0 is the surface area measured for s > sf) = /. It is
assumed that A0 for a Z surface is equal to the area of the <Z>
constant surface for which <Z> equals Z. Implicit in this as-
sumption is the idea that the Z surface is fluctuating about the
position of the <Z> surface. To help make this point, a sketch
of the intersections of a <Z> constant surface and of realiza-
tions of a Z constant surface with a plane containing the jet
axis are depicted in Fig. 2. The area of the <Z> surface in the
region x to -x -f- dx is dA<z>•= 2nr<z>dx, and with dAz/
&A<Zy — AJA0, one obtains

dAz =: dx (5)

log A/L"

b)

Inner Cutoff

slope = 2 • D

Outer Cutoff

e,/L
log e/L

Fig. 1 Variation with measurement scale of measured area in a cubic
volume of side L for a surface exhibiting fractal behavior: a) no inner or
outer cutoffs; b) inner and outer cutoffs to fractal behavior. From
Mandelbrot's tine of argument1 for measurement scales in the fractal
range, ,4/Z,3 ~ (£/£,)-^e2/!,3.7

where r<z> is the radial location of the <Z> surface at'x.
The flux of jet fluid across a Z surface is the result of convec-

tion (q — qb) and diffusion (jz). To estimate the mean of these
two quantities, a flux velocity given by ud = D/r]dis introduced,
where ^d is an effective length scale defined by the preceding
expression. It follows that the total mean mass flux across a Z
surface per unit area is pZud. (Here, D is the diffusion co-
efficient. There should be no confusion with the fractal dimen-
sion, since the latter appears as an exponent.) Gibson7 has
considered the motion of a constant scalar property surface in
turbulent flow, and from his analysis,

(q -qb) = -D(V2Z/|VZ|)(VZ/|VZ|)

<z> constant surface

x = 0

Fig. 2 Sketch depicting the intersection of <Z> and Z constant surfaces
with a plane containing the jet axis. The curves need not be continuous.
The curves associated with Z surf aces should have D values one less than
the corresponding surface.
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may question whether the integral in Eq. (2) converges. On
physical grounds, one expects q — qb at critical points to be
infinite and to be large in the region of a critical point/Thus,
it is argued that Z surfaces will move away from critical points
very rapidly, and hence the effect of such points on the inte-
gral are negligible. Alternatively, one can argue, again on
physical grounds, that the ensemble average of the integral of
(q — qb) - ds over the area of a constant-property surface must
be finite even if q — qb at singular points is not. Then {q — qb >
can be defined from the ensemble average mass flux integral.

By combining Eqs. (2), (5), and (6) and integrating along the
x axis, one obtains

Mi = D ~ 2 dx

(7)

To proceed further, relationships for r<z> and u0 as functions
of x are required, and empirical, similarity-form expressions
are used. Having taken such a step, one cannot claim that the
resulting expression for centerline concentration is a predictive
one. The exercise does, however, allow one to determine
whether or not the fractal picture gives results consistent with
experiment, thereby providing a test of the applicability of
fractal concepts.

Using standard similarity relationships8 and an exponential
variation of <(Z> with r9, one can show, following integration,
that

(8)

where Lz, Cu, and a are constants appearing in the similarity
expressions.8'9 Momentum and volume average velocities are

and Vp and their ratio will vary with initial conditions; let
j = b. The axial distance at which the mean jet fluid mass

fraction on the centerline equals Z is L.
For similarity, Eq. (8) must be Reynolds number indepen-

dent, and therefore h(D) = (3/4(£ - 2) - 1/4) = p. With this
condition satisfied, Eq. (8) is consistent with the expected sim-
ilarity form and is quantitatively equivalent, provided that

fully in turbulent fluid where conditions should approach those
in homogeneous, isotropic turbulence.

Summary and Closing Comments
A fractal representation of constant Z surfaces in axisym-

metric jets is used with similarity and empirical results to ob-
tain an expression for the centerline mean jet fluid mixture that
is of appropriate form and numerically correct if a reasonable
value for Q, the only new empirical constant in the modeling,
is chosen. The result provides support for the hypothesis that
constant-property surfaces in free shear flows are fractal-like.

For Reynolds number independence, the 7?, term occur-
ring in the surface area expression must cancel the'/?/ term
appearing in the expression for ud, which requires that
D ="2 + .(/4 + 2)/6. This expression for D is identical to that
obtained in Refs. 4 and 5. The observed range of values for \i
is 0.25 < fi.< 0.54, and the corresponding range for D is 2.33 <
D < 2.42, which compares favorably with experiments.2'3

The fractal representation is used to obtain an expression for
mean surface area, Eq. (5). To obtain Eq. (5), it is necessary to
identify an outer cutoff area and to assume that this area is
equal to.the <Z> surface area. This step is justified a posteriori
by the success of the modeling. It is worthy of note that the
expression for D can be obtained without identifying an expres-
sion for the outer cutoff area. Equation (1) is contingent on
several steps: 1) expressing dAz in terms of AJA^ 2) equating
AJA0 to # p/(4-^)]l/>-2]? 3) scaling w^by'u'R} l2-3l«-»\ with u'
obtained from similarity, and 4) requiring Reynolds number
independence. Steps 1) and 2) form the essential features of the
fractal hypothesis, while step 4) is supported by experiment. Of
the four steps, step 3) is perhaps the most questionable.
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where Cz is a constant in the expression for the axial decay of
the centerline value of <Z>. Substitution with reasonable val-
ues of the constants8-9 into the latter expression gives
Cd K 0.38, which is a quite reasonable result.

The analysis to this point has not considered the intermit-
tency of viscous dissipation. With intermittency, the dissipative
length scale ld replaces 'rj as the inner cutoff, and from Frisch
et al.,10ld~lR^4-»\ ud is scaled as Elj2, where Ed is "the
kinetic energy per unit mass on scales" ~ /^.10 It can be shown
that this scaling gives ud = u'R}l2~ 3/(4 "**>. Thus, with intermit-
tency, the Reynolds number dependency in Eq. (8) becomes
^p/(4-„)][/>-2]R 1/2-3/(4-^ and for Reynoids number inde-
pendence, D = 2 -f (/x -f 2)/6.

This result is identical to that obtained by Hentschel and
Procaccia4 and by Kingdon and Ball,5 while for p, = 0, it is not
equivalent to Mandelbrot's result (D =2 2/3) for Gauss-
Kolmogorov turbulence,1 even though in both cases the vari-
ance scales^ as separation distance to the "5/3 power. In his
development, Mandelbrot assumes a Gaussian random field;
no such assumption is made in the present development. It is
noted again that the approach taken by Hentschel and Procae-
cia and by Kingdon and Ball is quite different than the present
one. It is especially noteworthy that the present analysis is for
a free shear flow rather than for homogeneous, isotropic turbu-
lence. However, expressions for I fa and v valid for homoge-
neous, isotropic turbulence are employed in the modeling.
Their use is justified by noting that Z surfaces are embedded
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